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Notes on certain non-analytic functions
- Dedicated to the centennial anniversary of the birth of Professor Yusaku Komatu -

OWA Shigeyoshi*

Abstract

Let N be the class of functions f(z,%Z) which are non-analytic in the open unit disk
U. Many classes of analytic functions f(z) in U are studied by mathematicians around the
world. There are only few papers for non-analytic functions f(z,%) in IU The purpose of

this paper is to discuss some properties of non-analytic functions f(z,z) in U with some
examples.
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1 Introduction (1.4) Fz) = i )2(1 = (zc )
Let A be the class of functions f(z) of the
o - is starlike of order a in U and that
(1.1) f2)=2+) an" (1.5) f(2)
) ne2 & P {] o .,)2{1 1 1
which are analytic in the open unit disk U = B = (a + SR [U)
{zeC||z| < 1}. If f(2) € A maps the unit 20— 1

circle on to the starlike curve with respect to _

the origin, then f(z) is said to be starlike with

respect to the origin in U. Also, if f(z) € A . i
= - J(z) —log(l—2) (a=z;z€U

maps the unit circle on to the convex curve, 7

then f(z) is said to be convex in U.

“

A function f(z) € A is said to be starlike is convex of order a in U.
of order « if it satisfies Let A7 denote the class of functions
' rf’(s)) 00
1.2 Rel——)>a (2€U < = o
( ) ( f(:’) { ) (Lh) ‘f(zﬂ 3) = Z f?l(z! 3)
n=1
for some real a (0 £ @ < 1). Also, a function _ _ B _
f(z) € Ais said to be convex of order o if it defined in U, where z = x 41y and Z = = — iy.
satisfies If f(2,Z) € N maps U onto the starlike do-

main, then we say that f(z,Z) is non-analytic
and starlike inU. Further, we say that f(z,%) is

) >a (zeU) non-analytic and convex in U if it maps U onto
the comvex domain. If we consider a function
J{(z,Z) given by

2 C)
F'(z)

(1.3) Re(

for some real a (0 £ « < 1). Tt is well known

that f(z) is convex of order o in U if and only if A = g
(z) is starlike of order «r in U (see Robertson (L.7) f(z,7) = (] —%)2 Z =

[3], Komatu [2], Goodman [1]). We see that e
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then f(z,Z) is non-analytic and starlike in U,
and we see that a function

oo
Z+ )

n=2

E —
ez

(18)  f(z7) =

is non-analytic and convex in U. But if we
consider

Z

(1.9) f(z,E): m

o0
=Zz+ |z Z na™ 2

n=2

then f(2,%) is non-analytic, but it is not star-
like in U. Also, il we take

> (e o}

B =——=z+z*) 77,
1—-% -
n=2

is non-analytic, but it is not con-

(1.10)  f(z

then f(z,%)
vex in U.

2 Some examples

Let us ensider a function f(z) € A defined
by

(21)  f(z)=z+32 412 (sel).

3

It follws that

22 k(L)

2
i M )
6+ 3z + 222

If we take z = ¢” for (2.2), then we have that

(23)  Re (z'f’(”))

f(z)

_ Re (820080 + 1)(8cost + 3)
-\ 25+ 48cos0 + 48cos?0 )

1 3
Therefore, for 6 satisfying & < cosf) = —3

we see that
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(2.4) Re(zf%ﬂ) <o.

f(z)

This means that f(z) is analytic in U, but not
starlike in U by means of (1.2).

Next, we try to consider a function f(2,2) € N
given by

1 1
f2,2) =2+ 22+ —27°

2.5

(z e U).

Taking 2 = re? (0 S r < 1,0 £ 6 < 27), we
have that

(26)  f(3)

i, L. 1 .
= (Erz + (r + gr“) cos(ﬁ) +1 (r - §r3) sinf.

If we write that

(2.7) uw=Ref(z,Z) = %?"2 + (-r + %Tﬁ) cost!
and
(28)  v—Imf(z3) — (r -1 s

then it follows that

(2.9) (=42 A
| fad O B
for0 = r < 1.

Letting r — 1, we obtain that

1y2 2
(2.10) (u . g) Y =
G 6

which shows the elliptic domain including the
origin. Thus, the function f(z,Z) maps U onto
the outside of the elliptic domain which is con-
vex in U.

Furthermore, if we define f(z,Zz) by
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then

1212} Faa= (—r —I—( ks gre’)(os&?)
+i (%r‘a = ?") sinf

with z = re® (0 £ r < 1,0 £ 0 < 27). Thus,
writing that

(2.13) u= Ref(z2,2)
1, L)
= Er + (T‘ + gr ) cosf)
and
& 1 4 :
2.14) v=Imf(z,Z)= gr‘ —r | sind,

we have that

u—1r2)? 7

(2.15) (u—35r%) Y =i
i T

for 0 £ r < 1. Therefore, making r — 1 in

(2.15), we have the following elliptic equation

e 2

S

(3) %)
Consequently, f(z,Z) maps U onto the outside
of the elliptic domain which is convex in U.
Finally, we see that f(z,Z) in (2.1) is the sense
preserving mapping and that f(z,%) in (2.11)
is the sense reversing mapping.

(2.16)

3 Some properties of non-
analytic functions
In order to discuss our problems for non-

analytic functions, we have to recall here the
following lemma due to Silverman [4].
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Lemma 1  If an analytic function
(3.1) Fla)= Zanz“ (a; # 0; 2z € U)
n=1
satisfies

m A
S e, < Jal,

n=2

(3.2)

then f(z) is convex in U.

Lemma 2 If a function f(z) given by
(3.1) is analytic and conver in U, then for all

60 < 6? < 27), r|['(re®)| is increasing for
rilp=re?mp # (J), that is, that
(3.3) rilf(rie®)] < ra| f'(ra€®)]|

Jor 027l <y <71,

Proof TFor a fixed 0 (0 =
consider ¢(r) by

0 < 2m), w

(3.4)  &(r) =loglrf'(re®)| (0 <7 <1).
Then, we have that

d 0 t i
(3.5) ad)( Yes 5 (logr + log| f'(re*)|)

= 1 + 2 {Re (lﬂgf’(-rew))}

1, (P
T (f (re®) )
1 (2
= _rRe (l | 72) ) > 0,

because f(z) is convex in U. This gives us that
r|f'(re®)| is increasing for r (0 < r < 1).

With the help of Lemma 1 and Lemma
2, we derive

Theorem 1 Let f(2,Z) given by (1
non-analytic mm U. Also let

5) be

(36) frerz)=1""%z2 ©O<ral)

If f(2,Z) satisfies
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a0

B.7) Y nlfale® e S file?, ) £ 0

n=2

for all 68 (0 £ 6 < 27), then f(2,Z
ing forr (0 <r < 1), that is

) is increas-

(3.8) |[f(z1,70)| < [f (22, 72)]

for z1 = rie® and 2 = ree® with 0 < 1 <
e <t 1.

Corollary 1 Let f(2,Z) given by (1.6)
salisfy the conditions (3.6) and (3.7). Then
| f(z,Z)| is radially increasing in U.

Proof Let us consider the function F,(u)
defined by

(39) Fw =) (=

n=1

3 (_f,&(z}z)) vt (uel)

for f(2,Z). Then, F,(u) has a radius R such
that

(3.10) R—

lim sup «

N— 00

8?6‘ 6—26' =|n
lim sup \/‘ - )l

a0 nzw

1

fn(e?, e7%)

T

lim supy’'

N—0

v
I
|
I

lim sup ¢’ =
N0 Vi

where

(n+1)2|f1( ? —'N?)l

1 .
sl f1(e?, 7))

(3.11) M = lim sup

Thus, F,(u) is analytic in U.
plying (3.7), we know that

(3.12) i

Next, ap-

é |f1(e£936_w)| e B

(&

which implies that F.(u) is convex in U by
Lemma 1.
Furthermore, by using Lemma 2, we have that

(3.13) w Pl ()] < [uaF ()|

for up = pre” us = pae®, and 0 < py <
p2 < 1. If we take u; = z and uy = rz with

2k (3.13) becomes that

(3.14) |2 Fi(z)| < |rzFi(rz)|

l<r<—

It follows that

(3.15)

> (B2

n=1

=) !
s (fn(:, J)‘
i 2 i

n=1

<

1
for 1 < r < —. This shows us that

|21

lo's]
> fal23)
=1

that is, that

(B17)  |f(z2)] < |flrzr2)

(3.16)

< |3 ez

n=1

1
for 1l <r < = Therefore, we conclude that

|f(z,7Z)| is increasing for r.

We also have that
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Corollary 2 If a function

(3.18)  f(z,3) =

Za” Im—'n kn (al % O)

is non-analylic in U and salisfies

o0
(3.19) > nfan| < Jail,
n=2
then | f(z,Z)| is increasing for |z|.
Finally, we consider one example for

Corollary 2.
Example 1 Let us consider

1 Log. 1
zﬂ,+(zz+—**

(320) fl2D) =242+ o

which is non-analytic in U. If we take z = re,
then (3.20) becomes

(3.21)  f(z.3)

1 1 1
= re® —I-Zr —I-gre’e""'% -4 e
This gives us that

[=.<]

Z nja,| = 1.

n=2

(3.22)

Further, we see that

(3.23) |flz,2)|?

= 1?"2 + {1+ 1?"2 recost + l-1"'4(- 4826 :
— 4 (} (S 24 COS

1. 1 2
+ { (1 + 5'3"3) rsinf! + ﬂr‘isin%'} ;

Finally, using the computer, we know that
|f(z,2)|? is increasing for r (0 < r < 1).

For example, if we take # = 0, then we have
that
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(324)  [f(z2)P

2 (14 2p 4 212 +Lr3 2
9" T

and see that | f(z,
g 17,
If we consider § = % then we obtain

7)|? is increasing for r (0 <

2
1f(z,2)2 = irﬁ (1 - %rz) ‘

Thus we see that | f(z,2z)|* in (3.25) is increas-
ing forr (0<r <1).

Furthermore, if we let @ = 7, then |f(z,2)|?
becomes that

|f(z,2)?

= l-l-l’.-“ 1T—I—lfr ’
N 49 24 )

Also we conclude that |f(z
forr (0 <r < 1).

(3.25)

(3.26)

,Z)|? is increasing
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