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Image domains of certain starlike functions

Shigeyoshi Owa*, Kazuo Kuroki** and Junichi Nishiwaki***

Abstract

Let 8* be the class of analytic functions f(z) with f(0) = 0 and f/(0) = 1 which
are starlike with respect to the origin in the open unit disk U. We discuss the length
of the image curve of f(z) and the area of the image domain of f(z) in the present

paper.
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1 Introduction

Let A be the class of functions f(z) of the form
(1.1) fR) =2+ a2"
n=2

which are analytic in the open unit disk U = {z € C | |z| < 1}. A function f(z) € A
is said to be univalent in U if and only if f(z1) # f(z2) for z; € U and 2, € U such that
21 # z3. The class of all univalent functions f(z) in U is denoted by S. If f(2) € A
satisfies the condition given in

(1.2) Re (Z]J:(z)) >0 (zeD),

then f(z) is called starlike with respect to the origin in U. Also, we denote by S* all
starlike functions f(z) with respect to the origin in U. Moreover, if f(z) € A satisfies
zf'(z) € 8* which is equivalent to
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2f"(2)
f'(2)

then we claim that f(z) is convex in U and we will formalize it as f(z) € KL (cf. Duren

[1]).

Then, it is well-known that

(1.3) Re (1 + ) >0 (z € ),

z > "
(1.4) fz)= L :z+nz:;nz
is the extremal function for &* and that

z > "
(1.5) f(z)—l_z—z+nz_;z

is the extremal function for I (cf. Robertson [2]).

In 1972, Silverman [3] showed that if f(z) € A satisfies

o0

(L6) S nla 1,

n=2

then we will get f(z) € §*, and that if f(z) € A satisfies

(1.7) > n?la,| 1,
n=2

then f(z) € K. With the results obtained by Silverman [3], it is already known that a
function f(z) given by

1

(1.8) f2) =2t —2"  (n=2,3,4,-:)
n

is in the class S* and that a function
1 n

is in the class K.

From now on, we are going to consider the image domains of f(z) given by (1.8) for
z e U.
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2 Limacon

Now, at first let us consider the function

(2.1) fe) =24~ (n=2,3.4-)

n

which is called the limacon in U. If we write that z = e (0 < 6 < 27) and f(2) = u+iv
in (2.1), then we know that

n

(2.2) u =7 cosf+ — cosnd
n

and

(2.3) v =rsind+ — sinn.
n

We confirm that f(z) € S*.

Let us suppose that £, denotes the length of the image curve of f(z) for |z| = r, and
that S, is the area of the image domain of f(z) for |z| < 7.

Theorem 2.1  If f(z) is given by (2.1), then we have

(2.4) L, =2r(n—1) /nl \/1 + r2(=1) 4 2r7=1 cos(n — 1)0 d
0

forr >0, and we also have

(2.5) S, = T

for0<r < 1.

Proof. By means of the definition for £,, we have

oo e [T (B w

2T
:/ \/(rsin8+r”sinn9)2 + (rcos@+r" cosn&)2 do
0

=2r(n—1) /n1 \/1 + r2(n=1) 4 2pn=1 cos(n — 1) db.
0

Furthermore, we will get

0 2T
(2.7) ST:/ vdu—/ vdu
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2
1 1
— / (r2 sin? 6 + nt " sin @ sinnf + —r?" sin? n@) do
0

n n

% (n + r3n=b)

= .
n

The deduction provided in (2.6) and (2.7) leads to the validity of the theorem. O

If we consider the case of » = 1 in Theorem 2.1, then we will get what follows.

n-+1
T
n
n+1

Corollary 2.1 If f(z) is given by (2.1), then £L; =8 and S; =

Remark 2.1  Corollary 2.1 shows us that £; = 8 and & =
2,3,4,---) if r = 1. Furthermore, lim S, = 7r°.

n—oo

7 for any n (n =

Corollary 2.2 If f(z) is indicated in (2.1), then (2.8) naturally follows.

(2.8) L,=r""Lys  (r>0).

Proof.  In view of L, in (2.4), we calculate £ 1as follows

TL i 1 2(n 1) 1 n—1
(2.9) L. = / +2 <?) cos(n —1)0 db

2(n —1)
:”_/ \/1+r2" D+ 2 cos(n —1)0 df =

L,

fran+1

forn=2,3,4,--- and r > 0. O

3 Caseofn=3

In this section, we now analyze the case of n = 3 in detail. We have to check that the
function

(3.1) f(z):z%—%x?’ (0<r<+V3)

maps |z| = r for the following curves.
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O<r<l1 r=1

1<r<+3

From the four figures shown above, we can now derive

Theorem 3.1  If f(z) is given by (3.1) with 0 < r < /3, then we have

(3.2) 2r(l—r)r <L, <8  (0<r<1),
(3.3) £,=8 (r=1),

(3.4) 8< L. <2r(1+r)r  (1<r<+3)
and

(3.5) 43T <L, S8V31  (r=+V3).

Proof.  We can claim that z = re? and f(2) = u + iv for f(z) of (3.1). Then

3
uw=r1rcosf + ?cos?)é?

(3.6)

v =rsinf + %sin?)é
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and
Ju . 3 .
20 = —rsinf — r°sin 30
(3.7)
@ = rcosf + r3 cos 30
00 ’

If0<r <1, then

9 e V(&) (%) w

:4r/2 \/1+7‘4+2r200820 dl.
0

This provide us with (3.2) for 0 < r < 1. If r = 1, then we obtain that £, = 8. If
1 <7 < /3, then we have the following image domain by f(z) for 1 < |z| < /3.

Using (3.8), we can confirm that

™

(3.9) 8< L, = 4r/ : (14+7r%do =2r(1 +rH)m
0

for 1 < r < +/3. Finally, if » = /3, then (3.8) becomes

3.10 ,c,ﬂ:zwca_/7 5+ 3cos20 db.
(3.10) i \/

Therefore, we obtain the following inequality

(3.11) 8\/3_/2 <L, < 16\/§/2 df
0 0

which gives (3.5) for r = /3. O

Next, we will consider the area of the image of f(z) for |z| =r. If 0 < r < 1 is valid,
then the image of f(z) is the starlike domain. Thus, we use S, for the area of the image
for 0 <7 < 1. In the case of 1 < r <+/3, f(2) is not starlike as in the following figures.
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In this case, we regard the shaded parts as S,.

Theorem 3.2  If f(z) is given by (3.1) with 0 < r < /3, then we have

2 4

(3.12) S, = @w 0<r<1),
4
(3.13) S=5r  (r=1),
4 3(r2 —1)
14 =2 (10 D) (deost [ X220
(3.14) S, =r + 3 cos 5 T
4r?
+?\/3(r2 S DE24+3) (1<r<y3)

and
(3.15) S,=24  (r=+3).

Proof. 1t is clear that S, satisfies (3.12) for 0 < r < 1 and (3.13) for r = 1 from
Theorem 2.1. Thus, we only need to argue for 1 < r < /3. We consider that

3 , Art
(3.16) u:rcose—l—?cos%:rcose 1—r —I—?COS 0)=0
for 0 < 6 < . It follows that

1 3(r2 —1)

9:1 and 6 = cos™
2 2r
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21
0y = cos™! (73(;7“ ) ) )

from the discussion above, we can calculate as follows.

0 02
/ vdu — / v du}
05 0,

0 3
4 {/ (r sin § + % sin 36) (—r sin @ — r3 sin 39) df
02

(3.18) S, = 4{

where

(3.19)

F(0)

0o 3
—/ (7‘ sin 6 + % Sin39> (—r sinf — 3 sin30) dG}

272 472 — 4
__L{(3+7"4)9+ T2 Srsin26—rzsin49—%sin69}.

3

Therefore, using the following formulas

(3.20)

(3.21)

(3.22)

and

(3.23)
we obtain

(3.24)

Sy

r2
3

{

. r?+3
sm92 = T,

3(3 — 27’2)\/3(7‘2 —1)(r2 +3)

216 ’

sin 692 =

2 4
(34 1) (405 — ) + 2(47% — 3) sin 205 — 4r2 sin 46, — % sin 66,
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= r? (1 + %) (4 cos™ ! <73(r22r_ D ) — 7r> + %742\/3(7“2 —1)(r2 +3)

for 1 < r < +/3. Finally, letting 7 = v/3 in (3.24), we have that

4 2
(3.25) S, = %\/3(7@ D)2 +3) =24,
because
3(r2 -1
(3.26) cos ! (%) = %
is valid for r = /3. O

1
Remark For the special » in Theorem 3.2, we have S, = 2—2# = 1.70169 - -- for

1 7 6
r:ﬁ<1and8r:§7r+3\/§:7.94504--- forr:§>1.
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